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Flat bands and gaps in twisted double trilayer graphene
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We study the electronic band structure of twisted double trilayer graphene. This system consists of two
regularly stacked graphene trilayers rotated by a given angle. We consider two different arrangements for the
trilayer units following their stackings: ABA-ABA and ABC-ABC. First-principles calculations at an angle of
13.1◦ show that these two systems are semiconductors with narrow gaps, which result from a reduced symmetry
due to the presence of the second trilayer. Next, we use these results to build a tight-binding model to study
lower twist angles, which are not accessible to first-principles methods. In both cases, we find that, as the
angle decreases, the magnitude of the gap decreases and eventually closes. At the same time, the low-energy
bands develop into flat bands. The corresponding magic angle is greater than the values found in twisted bilayer
graphene and twisted double bilayer graphene, thus supporting a hypothesis that it should increase as a function
of the number of stacked layers in the rotating unit. We also discuss the spatial separation of the electronic states
and their hybrization as a function of the twist angle, as well as the behavior of the systems under an external
electric field. We find patterns that are reminiscent of the behaviors found in gated ABA and ABC trilayers, such
as tunable overlaps or band gaps, respectively.
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I. INTRODUCTION

In two-dimensional (2D) materials, the twist angle between
stacked layers leads to symmetry breaking and strain effects,
allowing enhanced or suppressed interlayer coupling [1–4]. In
twisted bilayer graphene (TBG), when the twist angle is small,
there is an interlayer hybridization that leads to the emer-
gence of flat bands with narrow bandwidth. This twist angle
is called “magic angle.” The flat bands and strong many-body
effects lead to correlated insulating states and superconductiv-
ity [5–7], ferromagnetism [8–10], and magnetic-field-induced
Chern insulators [11–13]. The studies of TBG were extended
to other graphene superlattices which showed extraordinary
physical properties near the flat electronic band, such as
twisted mono-bilayer graphene [14,15] and twisted double
bilayer graphene (TDBG) [16–21]. Experimental works re-
ported supercondutivity [22,23] for twisted trilayer graphene
(TTG), which consists of three adjacent graphene layers se-
quentially twisted by θ and −θ . This system has a magic
angle θ ≈ 1.6o, a value that is slightly higher than the magic
angle for TBG and TDBG. Additionally, optical properties
in twisted multilayer graphene structures were studied as a
function of the twist angle. It was predicted that the value of
the magic angle should increase with the number of stacked
layers [24]. More recently, twisted double trilayer graphene
(TDTG) systems have been investigated. In the case of ABC-
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TDTG, a theoretical work showed that for a small twist angle
there is a charge redistribution within the layers [25] and an
experimental work showed electric transport measurements
for small angles [26]. In this article, we perform a systematic
study of the evolution of the energy gap, the flat bands and
the effect of the electric field in ABC-TDTG and ABA-TDTG
systems as a function of the rotation angle. We also study the
degree of localization of the electronic states in the different
layers of the systems.

In this work, we employ a combination of first-principles
calculations and the tight-binding formalism to study two
different types of Moiré graphene multilayer systems based on
TDTG. The first case consists of two ABC-stacked trilayers
with a rotation between them (ABC-TDTG). When only one
ABC trilayer is considered, the low-energy bands consist of
a pair of bands with cubic dispersion, which are very flat
near the Fermi level [27–29]. As we shall see, in ABC-TDTG
the cubic dispersion persists but now there is an energy gap
that depends on the twist angle. Another system studied is
composed of two ABA-stacked trilayers with a rotation be-
tween them (ABA-TDTG). For a single ABA trilayer, the
bands consist of a set of monolayer and bilayer-like bands,
with linear and quadratic dispersions, respectively [30–32].
When another ABA trilayer is added and rotated, the system
shows a gap and an anticrossing between energy bands near
the Fermi energy. For both systems, we observe flat bands for
small twist angles, so they provide a platform for investigating
the properties of a semiconducting flat band Moiré–van der
Waals heterostruture.
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FIG. 1. Schematic representation of twisted double trilayer
graphene for two ABC-stacked trilayers (left) and two ABA-stacked
trilayers (right). �o, �1, and �2 are the on-site terms of inner, middle
and outer layers, respectively. Blue-colored spheres indicate carbon
atoms that are on top of each other in each trilayer, while yellow-
colored spheres indicate atoms that lie on top of hexagon centers.

II. THEORY

A. Unit cell

TDTGs are composed of six graphene layers with one twist
parameter θ . Figure 1 shows ABC- and ABA-stacked trilayers
rotated by an angle θ . For graphene multilayer systems, it
was shown that the electrostatic potential of the layers can
be different due to different chemical environments between
inner and outer layers [20]. These potentials can be controlled
by a parameter � in a tight- binding model. For this reason, we
define �0,�1 and �2 as the on-site energies of inner, middle
and outer layers, respectively.

It is also important to mention that single ABA and ABC
trilayers have different symmetries. In particular, while ABA
has a mirror plane containing the middle layer, ABC has
inversion symmetry. This difference leads to the observed
low-energy dispersions mentioned in the introduction and to
different behaviors under the influence of an external electric
field, which can be modeled as a nonzero value of the dif-
ference �2 − �0 [25]. The presence of an additional trilayer
is expected to introduce similar effects, by modifying the
chemical environment of the layers through mechanisms such
as charge transfer. Therefore, all three energies are considered
as independent parameters, which are adjusted to reproduce
our DFT calculations for large twist angles.

B. DFT calculations

Our DFT calculations were performed with the Quantum
Espresso code [33,34]. The wave functions were expanded in
a plane wave basis with an energy cutoff of 80.0 Ry. We have
used norm-conserving pseudopotentials for the electron-ion
interaction and a vdw-df-obk8 exchange-correlation func-
tional, which includes van der Waals interactions [35]. Recent
calculations revealed that this functional provides an optimal
overall description of the structural and vibrational properties
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FIG. 2. Band structures calculated with QE for two systems
(a) ABC-TDTG and (b) ABA-TDTG for a twist angle θ = 13.1o.
For comparison, we show the band structures calculated with a full
TB model for the (c) ABC-TDTG and (d) ABA-TDTG. We approx-
imately reproduce the DFT gaps in both cases by using the on-site
energies �0 = 0, �1 = 20 meV, and �2 = 30 meV (see text). The
insets show a zoom near the K point.

of multilayer graphene and graphite [36], so it is an ideal
choice for the present case. We have chosen the two smallest
supercells, θ = 21.8o and θ = 13.1o, as ab initio calcula-
tions in larger cells become prohibitive. Both ABA and ABC
stackings within each trilayer were considered. The Brillouin
zones of the θ = 21.8o (13.1o) supercells were sampled in a
4 × 4 × 1 (3 × 3 × 1) Monkhorst-Pack k-point grid [37]. In
addition, we have included a vacuum of 20 Å in the (Z) direc-
tion, perpendicular to the layers. The atomic positions were
relaxed until all forces were smaller than 10−3 Ry/bohr and
the total energies changed by less than 10−4 Ry. The primitive
vectors of the supercell in the XY plane were also relaxed to a
target pressure of zero with a tolerance of 0.5 kbar.

C. Tight-binding model

The full TB Hamiltonian employed in the article, including
the on-site energies, is an extension of a previous model [38]

H =
∑

i

�i |i〉 〈i| −
∑
i �= j

t (Ri − R j ) |i〉 〈 j| ,

where �0 = 0, �1 = 20 meV, and �2 = 30 meV are the
on-site energy of sites in inner, middle, and outer layers,
respectively. We use the same energies for the ABA-TDTG
and ABC-TDTG systems, as the resulting TB band structures
are found to reproduce the main features observed in our DFT
calculations for large twist angles, as we show below (see
Fig. 2). The distance-dependent hopping parameter t (d) is
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given by

−t (d) = Vppπ (d )

[
1 −

(
d · ez

d

)2
]

+ Vppσ (d )

(
d · ez

d

)2

,

Vppπ (d ) = V 0
ppπ exp

(
−d − a0

r0

)
,

Vppσ (d ) = V 0
ppσ exp

(
−d − d0

r0

)
,

where d = Ri − R j is the distance between two atoms, ez

is the unit vector on the z axis. V 0
ppπ = −2.7 eV is the in-

tralayer nearest-neighbor hopping in graphene, a0 = a/
√

3 =
0.142 nm is the nearest-neighbor C-C distance in single-layer
graphene, V 0

ppσ = 0.48 eV is the interlayer nearest-neighbor
hopping and d0 = 0.335 nm is the distance between con-
secutive layers. The decay length parameter r0 is chosen to
be 0.184a to set the value of the intralayer second nearest-
neighbor hopping to 0.1V 0

ppπ .
The effects of atomic relaxations on the electronic structure

have also been explored in our TB calculations. Energy min-
imizations were performed with the LAMMPS [39] package
using the Kolmogorov-Crespi potential [40,41] with a cutoff
of 20 Å for nonbonded interlayer interactions and the REBO
potential [42,43] for bonded intralayer interactions. During
minimizations, supercell dimensions (parallel to graphene
sheets) were allowed to relax and iterations stop when the sum
of absolute values of force components over the entire system
is smaller than 0.5 eV/Å.

III. RESULTS AND DISCUSSION

A. ABC-TDTG

The DFT band structures obtained using QE for ABC-
TDTG and ABA-TDTG are shown in the Figs. 2(a) and 2(b),
respectively. In contrast to the isolated trilayers (in the ab-
sence of external fields), these two systems show small gaps
energy near the K point. For the ABC-TDTG, the value of
the gap is around 32 mev for θ = 21.8o and 22 meV for θ =
13.1o [Fig. 2(a)]. For ABA-TDTG the gaps between parabolic
bands, for θ = 21.8o and θ = 13.1o [Fig. 2(b)], have the same
values, 6 meV. For comparison, the band structures for ABC-
TDTG and ABA-TDTG calculated with the TB Hamiltonian
for the same twist angle θ = 13.1o are shown in Figs. 2(c)
and 2(d), respectively. To obtain an excellent agreement with
our DFT results, we include in the TB Hamiltonian the on-
site energies �o = 0, �1 = 20 meV, and �2 = 30 meV, as
defined in Sec. II C.

As we have mentioned above, these energies result from
an inequivalence between the inner, middle and outer layers
in each trilayer. In fact, the inequivalence between inner and
outer layers is already present in isolated layers as a result
of their different chemical environments [16,17], but here an
additional inequivalence between inner and outer layers is
induced by the presence of the second trilayer, in a similar
fashion to the observed behavior in TDBG [17].

After obtaining all parameters in our TB model, we pro-
ceed to analyze the band structures at small twist angles,
which are inaccessible to DFT calculations. The band struc-
tures for two small angles in ABC-TDTG are shown in
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FIG. 3. (a, b) TB band structures calculated for two different
twist angles for ABC-TDTG. (c) The value of the gap as a function
of the twist angle. (d) Bandwidths Ew of the valence (black dots/line)
and conduction (red dots/line) bands as a function of the twist angle.

Figs. 3(a) and 3(b). Figure 3(a) shows that for θ = 2.65o the
band structure has an energy gap �gap near the K point. When
the twist angle decreases, we begin to observe interesting
features as exemplified for the angle 1.61o [Fig 3(b)]. We
observe that the band gap �gap closes and new small gaps are
opened right above (below) the conduction (valence) bands,
as represented by �e and �h in Fig. 3(b). We also observe
that the bands become quite flat near the Fermi energy with
bandwidths Ew of about 10 meV [5,7].

Figure 3(c) shows that �gap decreases when the twist angle
decreases and closes for θ < 2o. The behavior of the band-
widths of the valence and conduction bands can be observed in
Fig. 3(d). Considering that Ew becomes smaller than 10 meV
for θ < 1.61o, we can consider this angle as a magic angle for
this structure.

B. ABA-TDTG

The band structures for the ABA-TDTG consist in linear
Dirac and quadratic dispersion bands. In Figs. 4(a)–4(d) we
can observe that the quadratic bands are more sensitive than
the linear bands to the variation of the rotation angle. The
main characteristics of these quadratic bands are: the energy
gap closes, there is an anticrossing between the valence and
conduction bands [Fig. 4(b)], and they become flat for small
angles. However, the linear bands become relevant for angles
close to the magic angle where there is an anticrossing with
the quadratic valence band [Fig. 4(d)]. A similar behavior
was explained for the case of ABA-stacked trilayer graphene
with a gate field perpendicular to the layers [30]. In that case,
they showed that a rehybridization of the linear and parabolic
low-energy bands is induced due to the breaking of mirror
reflection symmetry in the presence of the field. In our case,
this symmetry breaking is due to the presence of the second
trilayer.
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The behavior of the energy gap is very similar to the case of
ABC-TDTG and TDBG. The size of the energy gap decreases
with the rotation angle and closes as it approaches the magic
angle. In the case of ABA-TDTG, because it has a smaller
energy gap, 6 meV for 13.1o, it will close at a greater angle
than the cases mentioned above. The gap closes around 2.86o

[Fig. 4(b)]. The bandwidths of the valence and conduction
bands as a function of the twist angle is shown in Fig. 4(f).
Here, we observe that the bandwidths become smaller than
or close to 10 meV for θ = 1.47o, which may be regarded
as a magic angle for this structure. Note, however, that the
bandwidths increase again for smaller angles, in contrast to
ABC-TDTG. This may be due to anticrossing between the
quadratic and linear valence bands.

In the case of TBG (two layers), the flat bands were ob-
served for θ around 1.1o [5–7], while in TDBG (four layers)
they were seen for a slightly larger angle of around 1.3o

[16–21]. Our calculations reveal that in TDTG (six layers) the
flat bands arise for a greater angle of approximately 1.6o in
ABC-TDTG and 1.47o in ABA-TDTG. With this, we have
more evidence for the hypothesis that, by increasing the num-
ber of regularly layers with a rotation angle, the magic angle
would also increase [24].

Finally, for the ABC-TDTG and ABA-TDTG, we have
tested different values of the on-site energies, by varying �1

between 5 and 20 meV and �2 between 10 and 30 meV. In all
tests, the systems showed a similar qualitative behavior for the
energy gaps and flat bands for small angles, which confirms
the robustness of these results.

C. Spatial distribution of electronic states

The spatial distributions of electronic states near the K
point for the ABC-TDTG and ABA-TDTG structures are
shown in Figs. 5 and 6, respectively. The calculation of the
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spatial distribution for rotated graphene systems was obtained
in previous works [17,38]. For both systems, the amount of
localization is indicated by the blue, orange and red dots for
the outer, middle and inner layers, respectively. In the case of
ABC-TDTG with an angle 5.09o, it is possible to observe that
the valence (conduction) band is mainly composed of atomic
orbitals in the inner (outer) layers, while the contributions
from orbitals in the other layers is very low. This behavior has
been seen in TDBG [17] where the valence band states display
strongly localized states due to AA regions of the inner layers.
In addition to this, the electronic localization in ABC-TDTG
systems was recently studied in detail [25]. It was observed
that, for small angles, there is a charge redistribution within
the layers due to Coulomb repulsion in the AA regions be-
tween the rotated layers.

For the ABA-TDTG system with 5.09o [Figs. 6(a)–6(c)],
it can be seen that the linear conduction (valence) bands are
formed mainly by orbitals of the outer (inner) layers, while
the quadratic conduction band has a stronger contribution
coming from the middle layer and the quadractic valence
band has equal contributions from inner and outer layers near
the K point. However, for the angle 2.0o [Figs. 6(d)–6(f)],
around the magic angle, there is a hybridization between the
quadratic and linear bands, as discussed above. As a result, the
contributions change. The quadratic bands now present more
similar localization patterns, with stronger contributions com-
ing from the middle and inner layers, while the linear bands
gain small contributions from the middle layer. This behavior
is consistent with an isolated ABA trilayer subjected to an
external perpendicular electric field, as explained previously.
It also interesting to note that for both ABA and ABC-TDTG,
the unequal contributions coming from the outer and inner
layers result from a breaking of mirror or inversion symmetry

in a trilayer, respectively, due to the presence of the second
trilayer.

It is well known that in the case of TBG the Fermi velocity
of the linear bands decreases with decreasing angle until these
bands become flat [38,44,45]. This same behavior was also
observed in AB-twisted trilayer graphene, systems with two
layers stacked AB and a third layer rotated with respect to the
Bernal staking [46]. Although we did not explicitly calculate
the Fermi velocity, it is possible to observe that, in ABA-
TDTG (Figs. 4 and 6), the slope of the linear bands decreases
with decreasing angle (the horizontal scales are the same in
each figure). In this way, these bands have a similar behavior
to the two cases mentioned above, the only difference being
that for angles close to the magic angle this band does not
become flat.

D. Electric field

Finally, we study the effect of an external perpendicular
electric field in the electronic structure of the TDTG sys-
tems. We find that the band structures for the ABC-TDTG
[Figs. 7(a)–7(c)] and ABA-TDTG [Figs. 7(d)–7(f)] display
a very similar behavior to the TDBG. The bands, initially
degenerate without electric field, are split when the electric
field is applied. In the case of ABC-TDTG, the bands near
the Fermi level are divided into two groups separated by
an energy gap and the flat bands are conserved for small
electric field magnitudes [Fig. 7(d)]. The gap size increases
with field strength, in a similar fashion to a gated ABC
trilayer [28].

For the ABA-TDTG, the degenerate linear bands split into
two sets of bands and they hybridize with the flat bands near
the Fermi level [Fig. 7(e)]. As the field intensity increases,
the hybridization strength increases and the bandwidth of the
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flat bands increase, while the band gap remains closed. This
behavior is consistent with the well-known tunable overlap
behavior found in a gated ABA trilayer [30].

IV. CONCLUSIONS

In summary, we study two types of TDTG structures for
different rotation angles. These two systems present an energy
gap due to the breaking of inversion or mirror symmetry due
to presence of the second trilayer. For both ABA and ABC
stackings of the rotated trilayers, we see that the band gap of
the system decreases and flat bands develop as the rotation
angle decreases and approaches the magic angle. We find that
this angle is larger than the values found in TBG and TDBG,
which is and indication of a general trend that the magic angle
should increase as the number of stacked layer in each rotated
unit is increased.

In the case of ABA-TDTG, we found that, by changing the
rotation angle, it is possible to tune the hybridization of the
low-energy bands, in a similar fashion to the behavior found
when an external electric field is applied in an isolated ABA
trilayer. We also find that the bands with quadratic dispersion
are more sensitive to the rotation than the linear bands, as only
the former set develop into flat bands for the angles studied.
Similarly, for ABC-TDTG, the bands with cubic dispersion
develop into flat bands.

Finally, when the multilayer system is subjected to an
external electric field perpendicular to the layers, we find
that the low-energy bands split into two sets of bands, giving
rising to a tunable overlap in ABA-TDTG and a tunable gap
in ABC-TDTG. Both trends are consistent with the behavior
found in the corresponding isolated trilayer. Additionally, the
bandwidth of the flat bands increase with field strength, but
they remain flat for magnitudes up to 4mV/Å.
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